A new method for producing large three-component Carmichael numbers is derived. Only two primes must be found simultaneously instead of three as in the "standard" method. For each set of two primes many third primes can be found. Several Carmichael numbers with more than 3000 digits are shown, with the largest having 3710 digits.
Introduction.
Fermat's "Little Theorem" states:
If a is any integer prime to TV, and if TV is prime, then
(1) aN-1 = 1 (mod TV).
Unfortunately, this is not a sufficient condition for a number to be prime since there are composite numbers which satisfy this congruence. Chernick [2] stated the following theorem for these Carmichael numbers:
Fermat's theorem holds for composite integers if and only if TV may be expressed as a product of distinct odd primes Pi, P2,... Pn, (n > 2), and each Pi -1 divides TV -1.
Chernick derived one-parameter expressions for Carmichael numbers which he called "Universal Forms," the most prominent of these being (2) i/3 = (6M + l)(12M + l)(18M + l).
U-s is a Carmichael number when the quantities in parentheses are simultaneously prime. The largest known Carmichael numbers are of this form. In 1980 Wagstaff [6] published a 321-digit Carmichael number. Woods and Huenemann [7] cleverly added a fourth term to Wagstaff's 321-digit number and constructed a four-component Carmichael number with 432 digits.
In August, 1985 the author reported to Wagstaff a 1057-digit number [3] , the result of searching for large Carmichael numbers using a specially designed computer for number theory [4] . Since then the author has found, but not reported, a 1265-digit number, a project that took approximately 400 hours on this special computer.
The New Method.
The difficulty in finding larger Carmichael numbers using Eq. (2) is caused by the necessity of finding three primes simultaneously. The new method is based on finding two primes simultaneously, and then the third prime.
For TV = PQR, TV is a Carmichael number if P, Q, R are distinct primes and PQR = 1 (mod R -1), PQR = 1 (mod Q -1), PQR = 1 (mod P -1). It is easy to see that these conditions are equivalent to (3) PQ = 1 (mod R -1), PR = 1 (mod Q -1), QR = 1 (mod P -1).
Next, let P = 6M + 1, Q = 12M + 1, both prime. Then
Also, PR -1 must be divisible by Q -1 = 12M. Now PÜ-l = (6M + 1)(6My + 1»+l)-1
"o^r = U-*-Since 6M + 1 is prime, and considering Eqs. (5) and (6), X must be a divisor of 3 (4M + 1). The 2 in Eq. (6) will automatically divide since the quantity inside the parentheses is always even. The third condition of Eq. (3) is easily seen to be satisfied.
Thus,
where fc is a divisor of 3(4M -I-1).
The procedure for searching for large Carmichael numbers is as follows:
1. Find M so that P = 6M + 1 and Q = 12M + 1 are prime simultaneously. 2. Find R = 6Mfc + 1 prime where fc is a divisor of 3 (4M + 1).
For the method to be productive, the following practical conditions should be met:
1. M should be easily factorable so that P, Q, R can be proven prime using techniques from [1] .
2. 4M + 1 should have many factors so that there are many possibilities for finding P's that are prime.
Finding functions which fulfill these conditions is like solving a puzzle. The following has been used successfully:
where T is fixed, odd, and has many factors;
A is fixed and odd;
C is odd and varies until P and Q are prime;
TC -1 is less than 24 digits and therefore is easily factored.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Then, (9) 4M + 1 = (TC-1)A + 1.
Since bA + 1 is always divisible by b + 1 for A odd, 4M + 1 will be divisible by TC and therefore has many factors. Typically, if T is the product of all odd primes through 47, then R has at least 48,000 possibilities of being prime. R  R  11  13  35  55  75  77  91  175   2064547  2439919  6569011  10322731  14076451  14451823  17079427  32845051   231  385  825  975  3575  11375  25025  34125   43355467  72259111  154840951  182993851  670977451  2134928251  4696842151  6404784751 In another test, using a 60-digit M, 501 prime values of R were found with fc limited to a value of one million. Without a limit on fc, the expected number of prime values of R should exceed 109. In other tests, 600-digit Carmichael numbers could be produced at the average rate of one per minute.
The largest Carmichael numbers found appear in Table 1.   TABLE 1 Parameters for Carmichael Numbers TV = PQR, P, Q, R prime; 80073 1580  1172885 1852  803985 1852  325941 1852  217341 1852  123165 1853   3164  3709  3709  3709  3709  3710 It took about twenty hours to find P and Q for the 3710-digit Carmichael number. The expected time was 110 hours for the computer and program used. A new large prime R could be expected about every five hours.
4. The Future. The number of tests (heuristically) required to find P and Q simultaneously prime is proportional to (logP)2. The time to test for probable primality is proportional to (logP)3 using Eq. (1) and standard multiple precision multiplies and divides. Thus, the total time to find P and Q prime is (heuristically)
where D is the number of digits of P. The time to find R can be ignored since it is proportional to only D4. The process can be speeded up by using faster computers and more efficient multiplying techniques [5] .
It appears possible to extend this new method to further decrease the search time. By choosing Q = 18M + 1, new equations similar to Eqs. (5) and (6) can be developed but with additional restrictions on M and X. It may be possible to eventually develop an algorithm to first find a P = 6Mp + 1, then a Q = OMq +1, then R = 6Mr +1 so that PQR is a Carmichael number, but the components have been found sequentially.
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